A theoretical investigation on the structural stability, electronic, vibrational, and thermodynamic properties of the strontium apatites Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) is systematically conducted by the first-principles calculations. Results of cohesive energies and formation enthalpies suggest that the thermal stability of strontium apatites decreases from Sr 10 (PO 4 ) 6 F 2 (Sr-FAP) to Sr 10 (PO 4 ) 6 Cl 2 (Sr-ClAP) and further to Sr 10 (PO 4 ) 6 Br 2 (Sr-BrAP); such a tendency is also be observed with regard to the band gaps. Using linearresponse approach, the detailed vibrational properties of Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) are obtained.
Introduction
Phosphate-bearing apatites with the general formula M 10 (PO 4 ) 6 X 2 (M ¼ Ca, Sr, Ba, Pb, etc.; X ¼ F, Cl, Br, OH, etc.) have been attracting considerable attention from scientists due to their signicance in many elds, which vary from geochronology to environment remediation and optoelectronic as well as biomaterials and medical sciences. [1] [2] [3] [4] [5] [6] [7] Calcium apatites which are the typical representatives of the apatite family have been the most extensively investigated, due to their proverbial industrial and biological applications.
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Furthermore, researchers have been constantly discussing the various ionic substitutions in calcium apatites [15] [16] [17] [18] [19] [20] for the sake of better applications of apatites.
Strontium (Sr) is one of the most common substituents in the apatite structure. The presence and behavior of Sr in apatite compounds are of great signicance in geology, biology and materials science, and some studies have paid more attention to the Ca 10Àx Sr x (PO 4 ) 6 X 2 (X ¼ F, Cl) apatites. [21] [22] [23] In this paper, we focus on the Sr-richest apatites Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) which as the Sr end-member apatites have many practical applications. Firstly, Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) are well-known hosts for functional rare earth ions with subsequent applications as uorescent and laser materials.
24-30
Secondly, Sr 10 (PO 4 ) 6 F 2 (Sr-FAP) is of interest in biological elds because of the ready entry of Sr into the food chain and its subsequent incorporation in bone. [31] [32] [33] [34] Thirdly, as the member of apatite family, Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) are considered to be suitable for nuclear waste storage, such as the glass encapsulated Sr 10 (PO 4 ) 6 Cl 2 (Sr-ClAP) can immobilize most of the radwaste elements in the composite matrix. 35 There are some investigations have been carried on the crystal Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br). The crystal structures of Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) were determined with X-ray diffraction. [36] [37] [38] Several groups 15, [39] [40] [41] [42] have studied the infrared (IR) and Raman (R) spectra of Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br). The phase transitions and thermal expansion of Sr-FAP and Sr-ClAP were studied by high temperature X-ray diffraction and differential thermal analysis. 43, 44 The results indicate Sr-FAP and SrClAP have large thermal expansion coefficient and there are not any phase transformations for Sr-FAP and Sr-ClAP in temperature interval 298-1723 K. The formation enthalpies of Sr-FAP and Sr-ClAP were given at the standard of 298 K and 1 bar. [45] [46] [47] Specially, the heat capacity and enthalpy increments of Sr-ClAP were measured by Hrudananda Jena et al. 35, 48, 49 Furthermore, the thermodynamics functions of Sr-ClAP were computed by least-squares tting method from the measured enthalpy increments and compared with the Ca 10 (PO 4 ) 6 Cl 2 and Ba 10 (PO 4 ) 6 Cl 2 , which indicate that the specic heat capacity of the alkaline earth chloroapatites increases in the order barium < strontium < calcium and the alkaline earth chloroapatites can withstand decay heat of the radio nuclides without decomposition or degradation. 49 Theoretically, the electronic properties and elastic constants of Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) were calculated using density functional theory (DFT) with the generalized gradient approximation (GGA) functional.
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Besides, the elastic constants of Sr-FAP and Sr-ClAP also were predicted using the program GULP.
51
As mentioned above, there is presently a dearth of vibrational and thermodynamic information for Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br). However, the thermodynamic functions such as enthalpy, heat capacity and entropy for Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) are very important as the apatites (especially the Sr 10 (-PO 4 ) 6 Cl 2 ) becoming more and more important for radioactive waste immobilization. Computational prediction for these properties is of interest and motivates us to acquire further knowledge to dene better applications of these apatites. The aim of this paper is to provide the rst systematic study of the structural, electronic, vibrational and thermodynamic properties of the strontium apatites Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) from rst-principles calculations.
The remainder of this paper is structured as follows: in Section 2, the Computational details are briey described. Section 3 is devoted to Results and discussions, we present the structural, electronic, vibrational and thermodynamic properties of Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br). Finally, the Conclusions of the present work are given in Section 4.
Computational details
In the present work, the rst-principles calculations based on the DFT 52 are performed by the Vienna Ab initio Simulation Package (VASP) code. 53 The local density approximation (LDA) with Ceperley-Alder (CA) functional 54 is applied to describe the exchange correlation energy, the valence electron congura-tions for these elements are with VASP code used as the computational engine. The vibrational properties including the phonon dispersion curves and phonon density of states, Born effective charge tensor and associated longitudinal optical and transverse optical (LO-TO) splitting of optical modes, as well as the phonon frequencies at the Brillouin zone center are obtained in the framework of the density functional perturbation theory (DFPT). Thereaer, some phonon related thermodynamic properties such as Helmholtz free energy F, internal energy E, entropy S and specic heat C V (C P ) are predicted within the QHA.
Results and discussions

Structural properties and phase stability
The apatites Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) have the fairly complex hexagonal crystal structures with the space group P6 3 /m (no. 176). The models are illustrated in Fig. 1 , which are composed of six PO 4 groups surrounded by ten Sr atoms with two X ions located along the c axis. Of which ten Sr atoms occupy two different crystallographic symmetry sites 4f and 6h. The PO 4 groups occupy 6h sites, while the oxygen atoms have three unique environments. The very difference for these apatites is the positions of halogen atoms. The F atoms lie at the z ¼ 0.25 and z ¼ 0.75, occupy the 2a positions in Sr-FAP, whereas the Cl and Br atoms lie at z ¼ 0 and z ¼ 1/2, occupy the 2b positions in Sr-ClAP and Sr-BrAP.
In the rst step, the crystal structures of Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) are fully optimized by minimizing the total energy. The obtained results aer relaxation are summarized in Table 1 and in comparison with the experimental [36] [37] [38] and other theoretical values. 50 Obviously, the optimized structure parameters in our calculations with LDA underestimate by 1-2% with respect to the experiment values, while the theoretical values calculated with GGA overestimate within 1-2%, which due to the general feature of DFT that LDA underestimate and GGA overestimate the structure parameters. Therefore, the optimized structures are sufficient to allow us to make a further study of the electronic, vibrational and thermodynamic properties of these apatites. Aer analysis, we note the replacement of F by Cl and Br causes the cell volumes of the apatites to expand, but leading to a decreased c/a ratio of the unit cell, which can be explained by the fact that the halogen ionic radius increased from F À to Br À .
The stability for apatites is very important to control sintering or thermal processing conditions for the design and preparation of apatite ceramics. In order to determine the relative stability of Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) apatites, the cohesive energy and formation enthalpy of Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) are calculated by the following denitions:
where E c (Sr 10 (PO 4 ) 6 X 2 ) and DH(Sr 10 (PO 4 ) 6 X 2 ) are the cohesive energy and formation enthalpy of Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br). E(Sr 10 (PO 4 ) 6 X 2 ) is the total energy of per Sr 10 (PO 4 ) 6 X 2 formula; E iso (Sr), E iso (P), E iso (O) and E iso (X) are the energies of an isolated atom for each element. E(Sr), E(P), E(O 2 ) and E(X 2 ) are the energies of strontium, white phosphorus, O 2 gas and halogen gas, respectively. More negative formation enthalpy and cohesive energy generally correspond to a better stability. The calculated cohesive energies and formation enthalpies of these apatites are tabulated in Table 2 , along with the experimental data and other published. Apparently, our calculated formation enthalpies of these apatites are agree well with the experimental values. [45] [46] [47] The negative cohesive energies and formation enthalpies show these strontium apatites are stable. Compared with the results given by Michael Kocher, 50 we nd that GGA could obtain more negative cohesive energy and formation enthalpy, but the LDA opposite. Further analysis, the stability of these apatites is related to the halogen anion radius and decreases in the following order Sr-FAP > Sr-ClAP > Sr-BrAP, which is reected by the more negative cohesive energy and formation enthalpy of Sr-FAP than that of Sr-ClAP and Sr-BrAP. Such a tendency has been observed in recent publications of calcium apatites 12 and barium apatites. Table 3 provides our calculated band gaps and other theoretical values for each apatite, it is observed whether our results or the values given by Michael Kocher, 50 the band gap values decrease from Sr-FAP to Sr-ClAP to Sr-BrAP. As far as we know, for some have been studied apatites, 9, 12, 16, 20 (such as calcium apatites, barium apatites and cadmium apatites) the band gaps decrease with the reduction of X ion electronegativity. In addition, as already noted that DFT predictions always underestimate the true band gap so the real values may be somewhat higher than calculated here. Fig. 3 plots the total density of states (TDOS) and the partial densities of states for each apatite. The DOSs of these apatites are very similar along with slight differences as with the band structures. The DOSs below Fermi energy in the energy range of À10 eV to 0 eV are described by four main peaks (A-D). Peak A mostly derived from O 2p and P 3s states with some O 2s contributions, while peak B is dominated by O 2p and P 3p states. As for peaks C and D are mainly composed of O 2p states and the peak C has receive approximately 10% of their value from the X p states. The conduction band is chiey contributed There are also three main peaks (1-3) below À10 eV for Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br). Of these peaks, the peak 1 is primarily from O 2s and P 3s states, while the peak 2 is mainly from the O 2s states and P 3p states. Another signicant peak 3 for these apatites principally made up by Sr 4p with the minor Furthermore, from the X PDOS in Fig. 3 , we note about À15 eV there is a peak 3 0 which also comes from Cl 3s (Br 4s) states, and
Sr-FAP has a small peak 1 0 at about À21 eV from its F s states.
The similar phenomena are also reported in the recent publications of calcium apatites 12 and barium apatites 16 calculated with the DFT. conrmed that Sr-FAP is dynamically stable through searching the low-energy frequencies at the G-point. Herein, the detailed vibrational properties of each apatite are investigated by using the DFPT. Fig. 4 presents the calculated phonon dispersions curves (including the LO-TO splitting for infrared active modes) along the high symmetry directions of these apatites at their theoretical equilibrium volumes. It is well known that phonon dispersion curves can give a criterion for the crystal stability. Obviously, there is no imaginary phonon frequency observed throughout the BZ in Fig. 4 , which suggests that strontium apatites Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) are dynamically stable. Fig. 4 also reveals that the phonon behaviors are generally similar for these apatites, but we nd the maximum values of these phonon curves are higher for the Sr-FAP than that of Sr-ClAP and Sr-BrAP, and most of the vibrational frequencies decrease from Sr-FAP, Sr-ClAP to Sr-BrAP which is caused by the different atomic mass of F, Cl and Br (F < Cl < Br).
Since all the primitive cells of hexagonal Sr-FAP, Sr-ClAP and Sr-BrAP contain 42 atoms, the complete phonon spectrum for each apatite consists 126 dispersion curves, of which 3 are acoustical modes and the remaining 123 are optical modes. According to the standard group-theoretical analysis based on the P6 3 /m space group, the Sr-FAP yields the optical phonon modes at the G point, as following:
The Sr-ClAP and Sr-BrAP yield the optical phonon modes at the G point, as following:
Of these modes, A g , E 1g and E 2g are corresponding to Raman active modes, whereas the A u and E 1u are infrared active modes, B g , B u and E 2u are silent modes. The A and E modes are singly and doubly degenerate modes, respectively. Interestingly, with the replacement of larger Cl À and Br À for F À , all the silent modes B g , B u and E 2u are affected and the only optically active modes involved is the Raman active mode E 2g , which can be explained by the different Wyckoff sites of X (X ¼ F, Cl, Br) ions in theirs apatite structures. Fig. 5 illustrates the phonon total density of state and the phonon partial density of states for each apatite. It is distinctly for these apatites that the modes beyond 350 cm À1 up to 1100 cm À1 are contributed from PO 4 group vibrations. And since these selected apatites differ only in X atoms, their highfrequency spectra are naturally very similar. Some characteristic differences among these apatites can be found at the low frequencies (<350 cm À1 ). The massive modes of these apatites below 300 cm À1 involve the vibrations of all bonds are the major contributions to thermodynamics. But owing to the fact that atomic mass of F is lighter than that of Cl and Br, the frequencies in the 300-350 cm À1 region are associated with the Sr-F bond only. In addition, we nd the low frequencies increased with the increase in the atomic mass (F < Cl < Br).
The LO-TO splitting.
It is generally known that LO-TO splitting can be considered into the dynamical matrix by a non-analytical contribution, which depends on the Born effective charge (BEC) tensor and the dielectric constant. [59] [60] [61] In the present work, BEC tensor (Z*) and macroscopic static dielectric constant tensor (3) of each apatite are calculated through the DFPT. The calculated diagonal elements Z* for 7 non-equivalent atoms are given in Table 4 . There is a small deviation from charge neutrality which is smaller than 0.022 electrons per unit cell suggesting that our results are well converged. Since the hexagonal symmetry of crystals, the three diagonal elements Z (À2), P (+3), F (À1), Cl (À1), Br (À1), which conrm the ionic character of these apatites from a chemical point of view. Table  5 presents the calculated diagonal elements of 3. Due to the symmetry of the crystal, three diagonal elements 3 xx , 3 yy , 3 zz also exhibit two independent components (3 xx ¼ 3 yy ). We note the 3 increase with replacement of F by Cl and Br. And the 3 xx (3 yy ) is larger than the 3 zz for Sr-FAP, while for Sr-ClAP and Sr-BrAP, the 3 xx (3 yy ) is smaller than the 3 zz in our calculations. Taking the calculated macroscopic static dielectric tensor and the Born effective charge tensor into consideration, the long-range coulomb (dipole-dipole) interaction causes the splitting of optical modes at G point. The splitting of the LO and TO modes at the G point is evident from the phonon dispersion curves that displayed in Fig. 4 . The IR vibration frequencies have LO-TO splitting at various frequencies and the LO frequency is larger than the TO frequency. Tables 6 and 7 provide the phonon frequencies of Raman and infrared (including LO-TO splitting) modes, respectively. The comparison between the calculated and the measured frequencies 15, 42 gives the maximum deviations of 5.6%, and the frequencies from other groups 39-41 also show good consistency with our calculation. The IR spectra of Ca 10 (PO 4 ) 6 F 2 has been obtained by Etienne Balan et al. 11 with DFT, the calculated frequencies underestimate about 10% with respect to the measured IR frequencies. Therefore, the agreement is generally excellent between our calculated and the experimental values. Further analysis, there is a sole Raman active mode E 2g which is mainly associated with the atomic vibrations from F atoms according to our calculated phonon partial density of states. In addition, we nd the mode A u (5) which include the vibrations of PO 4 group and Sr, and the mode A u (8) which correspond to the vibrations of P-O bond exhibit the very large LO-TO splitting (>45 cm À1 ), indicating these modes are sensitive to the long-range Coulomb interaction.
Thermodynamic properties
To our knowledge there are some publications focused on the thermodynamic properties of Sr-ClAP, but no experimental or theoretical works exploring the thermodynamic properties of Sr-FAP and Sr-BrAP. As we know that the rst-principles for phonon calculations are limited to T ¼ 0 K yet the detailed thermodynamic properties of the crystals could be derived by phonons based on the QHA. Neglecting the thermal electronic contributions and focus only the contribution of atomic vibrations, the Helmholtz free energy F of a system at temperature T can be expressed as:
where E c is the static total energy per primitive unit cell at 0 K, and F vib is the vibrational contribution to the Helmholtz free energy F. Under QHA the F vib is dened by where k B is the Boltzman constant, u is the phonon frequencies, g(u) is the phonon density of states with Ð N 0 gðuÞdu ¼ 3N. When the Helmholtz free energy F obtained, the entropy S and internal energy E can be derived by thermodynamic relations, S ¼ À(vF/vT) V and E ¼ F + TS respectively. And the heat capacity at constant volume C V can be estimated directly from Helmholtz free energy by C V ¼ ÀT(v 2 F/vT 2 ) V . Moreover, the heat capacity at constant pressure C P which is generally measured in experiments can be calculated using thermodynamic relation:
VBT, where B is the bulk modulus, V is the volume and a is the volume thermal expansion coefficient. The volume thermal expansion coefficient a is calculated according to the formula a V ðTÞ ¼ 1 V ðvV =vTÞ P , which is shown in Fig. 6 . It is found that our calculated results are smaller than experiment values. 43 One reason is from the fact that the synthetic apatites are polycrystalline and the measurements are conducted at very high temperatures in the experiment, but our calculations are based on ideal single crystal under the 0 K. Another important reason is the neglect anharmonicity and thermal electronic contributions may be the important contributions for these materials.
The predicted thermodynamic properties under different temperature T for Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) are depicted in Fig. 7 . The difference of thermodynamic properties for Sr-FAP, Sr-ClAP and Sr-BrAP is small, which is consistent with their similar phonon dispersion curves. From Fig. 7a , it is found the temperature-dependent F shows a decreasing trend from X ¼ F, Cl, to Br. The differences of the temperature-dependent E between these apatites are too small to be observed in Fig. 7b , though a decreasing trend of E is shown from X ¼ F, Cl, to Br. In , S shows a relatively evident increasing trend from X ¼ F, Cl, to Br, which can be explained by the increasing trend of phonon DOSs at the low phonon frequency. Fig. 7d gives the relationships between the specic heat C V and C P versus temperature that both C V and C P exhibit an increasing trend with increasing atom mass (F < Cl < Br) at the given temperature. And with increasing temperature, the both C V and C P grow rapidly up to 700 K, then above 700 K, C P keeps positive slope but C V tends to be a constant value of 1033 J K À1 mol À1 that is conform to the well-known Dulong-Petit limit of
In order to compare our results with the experimental data, Table 8 lists the S, H À H 298 and C P at selected temperatures from 298 K to 1500 K for Sr-ClAP. For studies at constant pressure, the appropriate thermodynamic function of enthalpy is H ¼ E + PV, where E is the internal energy of the system, P is the pressure, and V is the volume. All our studies are carried out at P ¼ 0 GPa and hence PV ¼ 0, as a result the H ¼ E. It is found the calculated S, H À H 298 and C P of Sr-ClAP exhibit reasonable agreement with the experimental values. 35, 48, 49 So our predicted thermodynamic properties for Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) are reliable. There are no experimental or theoretical works exploring the thermodynamic properties of crystal Sr-FAP and Sr-BrAP for comparison with the present data, we hope our predicted results can give a reference for the future study.
Conclusions
In summary, we have done a comprehensive investigations on the structural stability, electronic, vibrational, and thermodynamic properties of the strontium apatites Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) within DFT and DFPT in combination with QHA.
It was observed that with the increase in the size of the c-axis From phonon density states, the high-frequency spectra for these selected apatites are naturally very similar, the low frequencies increased with the increase in the atomic mass (F < Cl < Br), and the frequencies in the 300-350 cm À1 region are associated with the Sr-F bond only. Some phonon related thermodynamic properties of Sr 10 (PO 4 ) 6 X 2 (X ¼ F, Cl, Br) are predicted from the temperature of 0 to 1500 K and discussed. When the mass of the halogen atoms increase, the entropy S and specic heat C V and C P both increase, while free energy F decreases. On the whole, these considered apatites exhibit similar but slightly different behaviors for the thermodynamic properties, which is expected because the halogen atoms F, Cl, Br are in the same VIIA group. Our calculated thermodynamic properties of Sr-ClAP are in reasonable agreement with the experimental values. We hope that our work could provide a useful guidance for future experimental and theoretical works. 
